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COUNTING RATIONAL POINTS ON A CERTAIN 3-PARAMETER
FAMILY OF K3 SURFACES
NOAH BRAEGER, ANDREAS MALMENDIER, AND YIH SUNG
Abstract. In the context of K3 mirror symmetry, the Greene-Plesser orbifolding
method constructs a family of K3 surfaces, the mirror of quartic hypersurfaces in P3,
starting from a special one-parameter family of K3 varieties known as the quartic
Dwork pencil. We show that certain K3 double covers obtained from the three-
parameter family of quartic Kummer surfaces associated with a principally polarized
abelian surface generalize the relation of the Dwork pencil and the quartic mirror
family. Moreover, for the three-parameter family we compute a formula for the
rational point-count of its generic member and derive its transformation behavior
with respect to (2, 2)-isogenies of the underlying abelian surface.
1. Introduction
In the theory of algebraic curves, Manin’s celebrated unity theorem [7, Sec. 2.12],
provides a connection between certain period integrals for families of algebraic curves
and the number of rational points over finite fields Fp on them. The correspondence
is established using the Gauss-Manin connection and the holomorphic solution for
the resulting Picard-Fuchs equation. In [41] the third author explores the connection
between the rational point-count and periods of a one parameter family of curves
associated with with triangle groups; in [29] the second and the third author demon-
strated how this principle is generalized to include two-parameter families of Kummer
surfaces. The goal of this article is to extend our technique further: we will focus
on certain K3 double covers obtained from the three-parameter family of quartic
Kummer surfaces associated with a generic principally polarized abelian surface. We
compute the rational point-count for the generic member of this family and determine
its transformation with respect to (2, 2)-isogenies of the underlying abelian surface.
The underlying geometric techniques in this article are motivated by mirror sym-
metry: in their seminal work of Candelas et. al [4] arithmetic properties of the periods
of the famous Dwork pencil of quintic threefolds were derived, and it was shown that
for an understanding of a quantum version of the congruence zeta function arithmetic
properties of the periods are crucial. One feature of the Greene-Plesser orbifolding
construction is that the so-called mirror map can be computed explicitly; see [1, 5].
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In this article, we will focus on K3 mirror symmetry. Here, the Greene-Plesser
orbifolding method constructs a family of K3 surfaces, the mirror of general quartics
in P3, starting from the Dwork pencil. As we will demonstrate, the famous period
computation of Narumiya and Shiga [33] can then be traced back to the existence of
suitable Kummer sandwich theorems for the quartic mirror family. After we establish
the connection between the Greene-Plesser orbifolding method and these Kummer
sandwich theorems, we will generalize these theorems to the three-parameter family
of quartic Kummer surfaces, and then compute the rational point-counting function
of a generic member of the three-parameter family generalizing the quartic mirror.
Concretely, the Dwork pencil is the one-parameter family of deformed Fermat hy-
persurfaces in the projective space Pn = P(X0, . . . , Xn) given by
(1.1) Xn+10 +X
n+1
1 + · · ·+Xn+1n + (n + 1)λX0X1 · · ·Xn = 0 .
It is known that for each integer n ∈ N the smooth resolution of Equation (1.1)
constitutes a family of (n− 1)-dimensional Calabi-Yau hypersurfaces Xλ. For n = 4
Equation (1.1) is the famous quintic family of Candelas et al. [5]. For the family (1.1)
a discrete group of symmetries is identified as follows: it is generated by the action
(X0, Xj) 7→ (ζnn+1X0, ζn+1Xj) for 1 ≤ j ≤ n with ζn+1 = exp ( 2πin+1). Since the product
of all generators multiplies the homogeneous coordinates by a common phase, the
symmetry group is Gn−1 = (Z/(n+1)Z)
n−1. The new parameter and affine variables
µ =
(−1)n+1
λn+1
, x1 =
Xn1
(n+ 1)X0 ·X2 · · ·Xn λ , x2 =
Xn2
(n + 1)X0 ·X1 ·X3 · · ·Xn λ, . . . ,
are invariant under the action of Gn−1. Hence, they descend to coordinates on the
orbifold quotient Xλ/Gn−1. A birational model for Xλ/Gn−1 is then given in these
new affine variables x1, . . . , xn using the remaining relation between them, namely
(1.2) fn(x1, . . . , xn, t) = x1 · · · xn
(
x1 + · · ·+ xn + 1
)
+
(−1)n+1 µ
(n+ 1)n+1
= 0 .
It was proved in [1] that a family of Calabi-Yau hypersurfaces Yµ of degree (n+1)
in Pn can be obtained from Equation (1.2) after the resolution of its singularities.
This is known as the Greene-Plesser orbifolding construction; see [18,37]. In fact, we
have the following general proposition [16, Prop. 4.2.3]:
Proposition 1.1. Let X be a Calabi-Yau variety and G be a discrete group of symme-
tries on X . Then the smooth resolution of the orbifold X /G as well as its deformations
are again Calabi-Yau varieties.
The subspace of the cohomology Hn−1(Xλ,Q) which is invariant under the action
of Gn−1 or, equivalently, the cohomology H
n−1(Yµ,Q) has dimension n and Hodge
numbers (1, . . . , 1). Thus, the family Yµ is the mirror family of the hypersurfaces Z
in Pn of degree (n+ 1) and co-dimension one in Pn, in the sense of mirror symmetry
motivated by string theory [5]. There is also a formulation of this construction due
to Batyrev which works for any family of Calabi-Yau hypersurfaces in toric varieties,
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constructed from reflexive polytopes, such that a dual pair of reflexive polytopes gives
rise to the mirror pair of Calabi-Yau hypersurfaces [1, 43].
We prove in Section 2 that the Greene-Plesser orbifolding construction for K3
surfaces factors through a Kummer sandwich that can be established for the family
Yµ, implying that each K3 surface is dominated and dominates a Kummer surface of
Picard rank 19; see Theorem 2.21. In particular, there are rational maps
(1.3) Xλ 99K Kum(E × E ′) 99K Yµ 99K Kum(E × E ′) ,
where E and E ′ are the two-isogeneous elliptic curves. This fact implies that the
quartic mirror family is the rational cover of a twisted Legendre pencil Y ′µ whose
period mapping can be computed easily. In this way, the famous period computation
of Narumiya and Shiga [33] is seen to be a consequence of the existence of suitable
Kummer sandwich theorems for the quartic mirror family.
In Section 3 we will show that certain K3 double covers obtained from the three-
parameter family of quartic Kummer surfaces generalize many features present for
the quartic mirror family. Concretely, the general Kummer quartic
0 = X40 +X
4
1 +X
4
2 +X
4
3 + 2DX0X1X2X3(1.4)
−A(X20X21 +X22X23)−B(X20X22 +X21X23)− C(X20X23 +X21X22) ,(1.5)
where A,B,C,D ∈ C and D2 = A2 + B2 + C2 + ABC − 4, is the multi-parameter
generalization of the quartic Dwork pencil in Equation (1.1) with a discrete group
of symmetries broken from (Z/4Z)2 to G = (Z/2Z)2. The general Kummer quartic
is the Kummer surface Kum(A) associated with a principally polarized abelian sur-
face A. The minimal resolution of Kum(A)/G is again a Kummer surface, namely
Kum(A′) associated with the (2, 2)-isogeneous abelian surface A′. We also find that
the aforementioned Kummer sandwich theorem generalizes to Picard rank 17; see
Theorem 3.12. In particular, there are rational maps of degree two such that
(1.6) Kum(A) 99K Y 99K Kum(A) and Kum(A) 99K Y 99K Kum(A′) ,
where Y is the multi-parameter generalization of the mirror family Yµ. Just as before,
this fact implies that the family Y is a rational cover of a twisted Legendre pencil
Y ′. We then give an explicit formula for the rational point-count for the family Y ;
see Theorem 3.18. By carrying out the rational point-count with respect to either of
two elliptic fibrations – resulting from the two sandwiches in Equation (1.6) – we also
derive the transformation of the counting function with respect to (2, 2)-isogenies of
the underlying abelian surface. Our method also produces an explicit count for the
number of rational points on the Jacobian of a genus-two curve over Fp, which has
been notoriously difficult to handle based on a traditional group action approach [21].
Acknowledgments. The first author would like to acknowledge the support from
an Undergraduate Research and Creative Opportunity (URCO) Grant by the Office
of Research and Graduate Studies at Utah State University. The second author
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2. The mirror-quartic family
In the case n = 3 in Equation (1.1), it was proved in [33] that the mirror-quartic
Yλ2, considered as a family depending on the parameter λ2, is a family of toric Calabi-
Yau varieties arising from the polytope P ∗0 dual to the simplest reflexive polytope P0
in dimension 3. The details of the general construction of a family of Calabi-Yau
varieties arising from a reflexive polytope can be found in [15]. In turn, it was also
shown in [33] that the quartic surfaces Z in P3 are the toric Calabi-Yau varieties
arising from the reflexive polytope P0 itself.
The one-dimensional families Xλ and Yλ2 can also be described as families of K3
surfaces with canonical lattice polarization. The following is known [17]:
Lemma 2.1. The families Xλ and Yλ2 are families of lattice polarized K3 surfaces
of Picard rank 19. In particular, the family Yλ2 is polarized by the rank-19 lattice
M2 = U ⊕ E8(−1) ⊕ E8(−1) ⊕ 〈−4〉 such that its general member has the Ne´ron-
Severi lattice NS(Yλ2) ∼= M2 and the transcendental lattice TYλ2 ∼= U ⊕ 〈4〉.
Here U denotes the hyperbolic rank-two lattice, and E8(−1) the unique negative
definite even unimodular lattice of rank eight. In [17] Dolgachev established a math-
ematical framework of mirror symmetry for K3 surfaces in terms of Arnold’s strange
duality: mirror symmetry for K3 surfaces identifies marked deformations of K3 sur-
faces Z with given Picard lattice N with a complexified Ka¨hler coneK(M) = {x+iy :
〈y, y〉 > 0, x, y ∈MR} for some mirror latticeM ; for many lattices, one can construct
M explicitly by taking a copy of U out of the orthogonal complement N⊥ in the K3
lattice L ∼= U3 ⊕ E8(−1) ⊕ E8(−1). In the case of the rank-one lattice N = 〈2k〉,
it turns out that M ∼= U ⊕ E8(−1) ⊕ E8(−1) ⊕ 〈−2k〉 is unique if k has no square
divisor. As an application, one considers the smooth quartic surfaces Z in P3 with
NS(Z) = 〈4〉: the generic member of the family of K3 surfaces Yλ2 obtained by the
Greene-Plesser orbifolding method then obeys Arnold’s duality since
(2.1) NS(Yλ2)⊥ ∼= U ⊕NS(Z) .
On the other hand, each member of the family of K3 surfaces polarized by the lattice
Mk = U⊕E8(−1)⊕E8(−1)⊕〈−2k〉 (for any k) admit what is known as Shioda-Inose
structure [30,38]: a K3 surface Y is said to have a Shioda-Inose structure if it admits
a rational map φ : Y 99K Kum(A) of degree two into a Kummer surface Kum(A),
i.e., the K3 surface obtained as the smooth resolution of A/{±I} for some abelian
surface A with inversion automorphism −I, such that the induced map φ∗ is a Hodge
isometry between the transcendental lattices,
(2.2) φ∗ : TY(2)→ TKum(A) .
Morrison proved that Y admits a Shioda-Inose structure if and only if there exists a
Hodge isometry, TY ∼= TA, between the transcendental lattices of Y and an abelian
surface A [30]. Thus, in the situation of the family of K3 surfaces polarized by the
lattice Mk = U ⊕ E8(−1) ⊕ E8(−1) ⊕ 〈−2k〉 (for any k) each generic member also
admits such a Shioda-Inose structure, associated with the abelian surface A = E ×E ′
where E , E ′ are elliptic curves, and E ′ is k-isogeneous to E , i.e., E ′ = E/(Z/kZ) [17].
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2.1. Existence of a special elliptic fibration on the mirror-quartic. As a
reminder, an elliptic surface is a (relatively) minimal complex surface Y together
with a Jacobian elliptic fibration, that is a holomorphic map π : Y → P1 to P1 such
that the general fiber is a smooth curve of genus one together with a distinguished
section σ : P1 → Y that marks a smooth point in each fiber. To each Jacobian
elliptic fibration π : Y → P1 there is an associated Weierstrass model obtained by
contracting all components of reducible fibers not meeting σ. The complete list of
possible singular fibers has been given by Kodaira [23]. It encompasses two infinite
families (In, I
∗
n, n ≥ 0) and six exceptional cases (II, III, IV, II∗, III∗, IV ∗). The
Weierstrass model of a smooth K3 surface can always be written in the form
(2.3) Y 2 = 4X3 − g2(u)X − g3(u) ,
where u is a suitable affine coordinate on the base curve P1, and g2 and g3 are
polynomials in u of degree at most 8 and 12, respectively. The section is given by the
point at infinity in each smooth fiber. We denote the Mordell-Weil group of sections
on the Jacobian elliptic surface π : Y → P1 by MW(Y , π, σ). If a Jacobian elliptic
fibration admits in addition a two-torsion section T ∈ MW(Y , π, σ), then we can use
a change of coordinates to write Equation (2.3) in the form
(2.4) Y 2 = X3 +A(u)X2 +B(u)X ,
where A and B are polynomials of degree at most 4 and 8, respectively.
In the case n = 3 in Equation (1.1), the family Yλ2 is equivalent to a family of such
minimal Weierstrass equations. We have the following:
Lemma 2.2. The family Yλ2 is a family of Jacobian elliptic K3 surfaces given by
Equation (2.3) with the Weierstrass coefficients
g2 =
4
3λ4
u2
(
u4 + 8λ2u3 + (4λ2 − 1)(4λ2 + 1)u2 + 8λ2u+ 1) ,
g3 =
4
27λ6
u3
(
u2 + 4λ2u+ 1
) (
2u4 + 16λ2u3 + (32λ4 − 5)u2 + 16λ2u+ 2) .(2.5)
Proof. Following Narumiya and Shiga [33], we set
x1 = −
(
4u2λ2 + 3Xλ2 + u3 + u
) (
4u2λ2 + 3Xλ2 + u3 − 2u)
6λ2u (16u3λ2 − 3 iY λ2 + 12Xuλ2 + 4u4 + 4u2) ,
x2 = − 16u
3λ2 − 3 iY λ2 + 12Xuλ2 + 4u4 + 4u2
8u (4u2λ2 + 3Xλ2 + u3 − 2u) ,
x3 =
u2
(
4u2λ2 + 3Xλ2 + u3 − 2u)
2λ2 (16u3λ2 − 3 iY λ2 + 12Xuλ2 + 4u4 + 4u2) ,
(2.6)
in Equation (1.2) and obtain a Weierstrass equation of the form given by Equa-
tion (2.3) with the coefficients given by Equations (2.6). 
We also have the following:
Lemma 2.3. For generic parameter λ the Jacobian elliptic fibration in Lemma 2.2
has four singular fibers of Kodaira-type I1, two singular fibers of Kodaira-type I
∗
4 ,
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and the Mordell-Weil group Z/2Z ⊕ 〈1〉, generated by a two-torsion section and an
infinite-order section of height pairing one.
Proof. The result follows by determining the singular fibers of the Weierstrass model
in Equation (2.3). One checks that the Mordell-Weil group contains the two-torsion
section (X, Y ) = (−u (4 u−u2−1)/(3 λ2), 0) generating its entire torsion. We already
know from Lemma 2.1 that the family of Jacobian elliptic K3 surfaces has Picard
rank 19. Thus, there must a section of infinite order as well. The singular fibers
and the torsion section of the elliptic fibration contribute to the determinant of the
discriminant group a factor of 42/22 = 22. Since the determinant of the discriminant
group of M2 is 4, the infinite-order section has to have height pairing one. 
2.2. Three Kummer sandwich theorems in Picard rank 18. As a reminder, on
an algebraic K3 surface S a Nikulin involution [30,34] is an involution ı : S → S that
satisfies ı∗ωS = ωS for any holomorphic two-form ωS on S. The fixed locus of ı always
consists of eight distinct points. One takes the quotient of S by the involution ı and
then resolves the eight resulting A1-singularities on the quotient. This procedure,
referred in the literature as the Nikulin construction, leads to a smooth K3 surface
Y , birational to S/〈ı〉 and related to S via a rational double-cover map ψ : S 99K Y .
As we will show, each K3 surface in Lemma 2.2 actually admits a so-called Kummer
Sandwich Theorem, a term introduced by Shioda [39]. A K3 surface Y is a Kummer
sandwich if there is a Kummer surface S = Kum(A) associated with an abelian
surface A admitting two commuting Nikulin involutions ı,  such that the quotient
surface S/〈ı〉 is birational to Y , and the quotient surface S/〈ı, 〉 is birational to S
itself. Thus, S dominates and is dominated by Y by two rational maps of degree two
(2.7) ψ : S 99K Y , φ : Y 99K S .
However, let us first consider a generalization of the situation in Lemma 2.2: in [35]
Oguiso studied the Kummer surface Kum(E1×E2) obtained by the minimal resolution
of the quotient surface of the product abelian surface A = E1 × E2 by the inversion
automorphism, where the elliptic curves En for n = 1, 2 are not mutually isogenous.
Such Kummer surfaces are algebraic K3 surfaces of Picard rank 18 and admit Jacobian
elliptic fibrations that were classified by Oguiso [35]: there are eleven inequivalent
Jacobian elliptic fibration which we label J1, . . . ,J11. Kuwata and Shioda furthered
Oguiso’s work in [25] and computed elliptic parameters and Weierstrass equations for
all eleven fibrations, and analyzed the reducible fibers and Mordell-Weil lattices.
The Weierstrass equations in [25] define families of minimal Jacobian elliptic fibra-
tions over a two-dimensional moduli space: let λn ∈ P1\{0, 1,∞} with n = 1, 2 be
the modular parameters defining the elliptic curves En using the equations
(2.8) En : y2n = xn
(
xn − 1
)(
xn − λn
)
,
with hyperelliptic involutions ın : (xn, yn) 7→ (xn,−yn). The moduli space for the
fibrations J1, . . . ,J11 is then given by unordered pairs of modular parameters for the
two elliptic curves with such level-two structure. In this paper, the elliptic fibrations
J1, J4, J6, and J7 will be of particular importance. Using the Hauptmodul or
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modular function λ of level two for the genus-zero, index-six congruence subgroup
Γ(2) ⊂ PSL2(Z) we define the moduli space
(2.9) M =
{
{λ1, λ2} | λi = λ(τi) , τi ∈ Γ(2)\H for i = 1, 2
}
.
When necessary we also consider the fibrations J1, . . . ,J11 over the covering space of
the moduli space M given by
(2.10) M˜ =
{
({λ1, λ2}, l) | {λ1, λ2} ∈ M , l2 = λ1λ2
}
.
The simplest fibration on Sλ1,λ2 = Kum(E1×E2) is called the double Kummer pencil.
It is the elliptic fibration with section, denoted by J4, induced from the projection
of the abelian surface E1 × E2 onto its first factor. With the new variable y12 = y1y2,
an affine model of J4 is then given by the product of two copies of Equation (2.8),
re-written as
(2.11) y212 = x1
(
x1 − 1
)(
x1 − λ1
)
x2
(
x2 − 1
)(
x2 − λ2
)
,
where x1 is considered the affine coordinate of the base curve P
1. The unique holo-
morphic two-form (up to scaling) on Sλ1,λ2 is given by ωS = dx1 ∧ dx2/y1,2. The
quotient variety (E1×E2)/〈ı1× ı2〉 is birational to the Kummer surface Kum(E1×E2)
since the product involution −I = ı1 × ı2 is the inversion involution on the abelian
surface E1 × E2. We have the following:
Lemma 2.4. Equation (2.11) determines the elliptic fibration with section J4 on
the Kummer surface Sλ1,λ2 = Kum(E1 × E2) associated with the elliptic curves E1, E2
in Equation (2.8). Generically, the Weierstrass model has four singular fibers of
Kodaira-type I∗0 at x1 = 0, 1, λ1,∞, and the Mordell-Weil group (Z/2Z)2.
Proof. The result follows by determining the singular fibers and the Mordell-Weil
group of sections of the Weierstrass model in Equation (2.11) and comparing these
with the results in [25]. 
A birational transformation with t = y2x1/(y1x2) given in [25, Sec. 2.1] changes
Equation (2.11) into the equation
(2.12) y2 = x3 +
(
(λ1 − 1)2t4 − 2(λ1 + 1)(λ2 + 1)t2 + (λ2 − 1)2
)
x2 + 16λ1λ2t
4x .
After a rescaling of the coordinates, we obtain the more symmetric equation
(2.13) y2 = x3 + t2
(
(λ1 − 1)(λ2 − 1)(t2 + t−2)− 2(λ1 + 1)(λ2 + 1)
)
x2 + 16λ1λ2t
4x ,
with a holomorphic two-form ωS = dt∧ dx/y, where x, y are the affine coordinates of
the elliptic fiber, and t is the affine coordinate of the base curve P1. This establishes
the fibration J1 from [25] on Sλ1,λ2 = Kum(E1 × E2). We make the following:
Remark 2.5. An automorphism  ∈ Aut(Sλ1,λ2) of Equation (2.13) is given by
(2.14)  : (t, x, y) 7→
(
1
t
,
x
t4
,− y
t6
)
,
and leaves ωS invariant. Hence,  is a Nikulin involution.
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The following lemma was proved in [25, Sec. 2.1]:
Lemma 2.6. Equation (2.13) determines the elliptic fibration with section J1 on the
Kummer surface Sλ1,λ2 = Kum(E1 × E2) associated with the elliptic curves E1, E2 in
Equation (2.8). Generically, the Weierstrass model has two singular fibers of Kodaira-
type I8 at t = 0,∞, eight singular fibers of type I1 located over a collection of base
points invariant under t 7→ −t and t 7→ 1/t, and the Mordell-Weil group Z2 ⊕ Z/2Z.
Proof. The proof is analogous to the proof of Lemma 2.6. It is then easy to show
that the Mordell-Weil group of sections is generated by one two-torsion section and
two orthogonal infinite-order sections with height pairing 1. 
Here we mention the Shioda-Tate formula: Using the elliptic fibration in Equa-
tion (2.13) one checks that the Picard rank of the K3 surface is 18: the sum of the
ranks of the reducible fibers plus two for the sub-lattice associated with the elliptic
fiber and the section is 16; moreover, the Mordell-Weil group contributes two to the Pi-
card rank from two infinite-order sections. One can then compute the determinant of
the discriminant group and obtain 82/22 = 16. Hence, the rank of the transcendental
lattice is four and its discriminant group has determinant 16. This matches precisely
the characteristics of the transcendental lattice of a Kummer surface associated with
two non-isogeneous elliptic curves which is is isomorphic to U(2)⊕ U(2) where U(2)
is the standard rank-two hyperbolic lattice with its quadratic form rescaled by two.
We make the following:
Remark 2.7. There is a second Nikulin involution ı ∈ Aut(Sλ1,λ2) given by
(2.15) ı : (t, x, y) 7→ (−t, x,−y) .
It is obvious that the action of the involution ı commutes with that of  in Remark 2.5.
We define a new K3 surface Yλ1,λ2 to be the minimal resolution of Sλ1,λ2/〈ı〉. The
quotient map induces the degree-two rational map
(2.16) ψ : Sλ1,λ2 99K Yλ1,λ2 , (t, x, y) 7→ (u,X, Y ) = (t2, t2x, t3y) ,
such that ψ∗ωY = 2ωS for the holomorphic two-form ωY = du∧ dX/Y on Yλ1,λ2 , and
a Weierstrass equation for Yλ1,λ2 given by
(2.17) Y 2 = X3 + u2
(
(λ1 − 1)(λ2 − 1)(u + u−1)− 2(λ1 + 1)(λ2 + 1)
)
X2 + 16λ1λ2u
4X .
We have the following:
Lemma 2.8. Equation (2.17) defines an elliptic fibration with section on the K3
surface Yλ1,λ2. Generically, the Weierstrass model has two singular fibers of Kodaira-
type I∗4 at u = 0,∞, four singular fibers of type I1 located over a collection of base
points invariant under u 7→ 1/u, and the Mordell-Weil group Z/2Z.
Proof. The proof is analogous to the proof of Lemma 2.6. 
COUNTING RATIONAL POINTS ON GENERAL KUMMERS 9
The involution  in Remark 2.5 induces a Nikulin involution ′′ ∈ Aut(Yλ1,λ2) of
Equation (2.17). Therefore, we obtain another K3 surface S ′′λ1,λ2 as the minimal
resolution of Yλ1,λ2/〈′′〉 with a degree-two rational map
(2.18) φ : Yλ1,λ2 99K S ′′λ1,λ2 , (u,X, Y ) 7→ (v, x, y) =
(
u+ u−1,
(u2 − 1)2
u4
X,
(u2 − 1)3
u6
Y
)
,
such that φ∗ωS′′ = ωY for the holomorphic two-form ωS′′ = dv∧dx/y on S ′′λ1,λ2 , where
a Weierstrass equation for S ′′λ1,λ2 is given by
(2.19) y2 = x3 +
(
v2 − 4)((λ1 − 1)(λ2 − 1)v − 2(λ1 + 1)(λ2 + 1))x2 + 16λ1λ2(v2 − 4)2x .
We have the following:
Lemma 2.9. Equation (2.19) determines an elliptic fibration with section on the K3
surface S ′′λ1,λ2. Generically, the Weierstrass model has a singular fiber of Kodaira-type
I∗4 at v = ∞, two singular fibers of type I∗0 at v = ±1, two singular fibers of type I1,
and the Mordell-Weil group Z/2Z.
Proof. The proof is analogous to the proof of Lemma 2.6. 
We also have the following:
Lemma 2.10. The K3 surface S ′′λ1,λ2 is the Kummer surface Sλ1,λ2 = Kum(E1×E2).
Proof. Up to rescaling, Equation (2.19) is the Weierstrass equation for J7 on the
Kummer surface Sλ1,λ2 = Kum(E1 × E2) determined in [25]. 
We now prove a Kummer sandwich theorem relating the Jacobian elliptic K3 surface
Yλ1,λ2 in Equation (2.17) to the Kummer surface Sλ1,λ2 = Kum(E1 × E2) associated
with the product of the two elliptic curves E1, E2 in Equation (2.8):
Proposition 2.11. The Kummer surface Sλ1,λ2 admits two commuting Nikulin in-
volutions ı,  (given by Equations (2.14) and (2.15)) such that the quotient surface
Sλ1,λ2/〈ı〉 is birational to Yλ1,λ2, and the quotient surface Sλ1,λ2/〈ı, 〉 is birational toSλ1,λ2 itself. Thus, Sλ1,λ2 dominates and is dominated by Yλ1,λ2 via the two rational
maps of degree two
(2.20) ψ : Sλ1,λ2 99K Yλ1,λ2 , φ : Yλ1,λ2 99K Sλ1,λ2 ,
given by Equations (2.16) and (2.18), such that 2ωS = ψ
∗ωY and ωY = φ
∗ωS for the
holomorphic two-forms ωY and ωS on Yλ1,λ2 and Sλ1,λ2, respectively.
Proof. The proof follows from the sequence of arguments provided by Lemma 2.6,
Remark 2.7, Lemma 2.8, Remark 2.5, and Lemmas 2.9 and 2.10. 
Van Geemen-Sarti involutions [9, 42] provide a particularly interesting case of
Nikulin constructions. In this situation, the K3 surface Y is endowed with a Ja-
cobian elliptic fibration π : Y → P1 which, in addition to the trivial section σ, carries
an additional section T that makes an element of order two in the Mordell-Weil group
MW(Y , π, σ). Fiberwise translations by the order-two section T are then known to
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define an involution on k ∈ Aut(Y) on Y – the Van Geemen-Sarti involution. These
involutions are special Nikulin involutions; see [12].
The Jacobian elliptic K3 surface Yλ1,λ2 in Proposition 2.11 admits the two-torsion
section T : (X, Y ) = (0, 0). It is straight forward to show (the details are contained in
the proof of Proposition 2.15) that the minimal resolution of Yλ1,λ2/〈k〉 is a Jacobian
elliptic K3 surface S ′λ1,λ2 with the Weierstrass equation
y2 =x3 − 1
2
u2
(
(λ1 − 1)(λ2 − 1)(u+ u−1)− 2(λ1 + 1)(λ2 + 1)
)
x2
+
1
16
u4
((
(λ1 − 1)(λ2 − 1)(u + u−1)− 2(λ1 + 1)(λ2 + 1)
)2 − 64λ1λ2)x .(2.21)
We have the following:
Lemma 2.12. Equation (2.21) determines an elliptic fibration with section on the K3
surface S ′λ1,λ2. Generically, the Weierstrass model has two singular fibers of Kodaira-
type I∗2 at u = 0,∞, four singular fibers of type I2 located over a collection of base
points invariant under u 7→ 1/u, and the Mordell-Weil group (Z/2Z)2.
Proof. The proof is analogous to the proof of Lemma 2.6. 
Remark 2.13. The elliptic curve En for n = 1, 2 in Equation (2.8) has the two-
torsion point p : (x, y) = (0, 0). A two-isogenous elliptic curve E ′n is given by
(2.22) E ′n = En/〈p〉 : Y 2n = X3n +
1 + λn
2
X2n +
(1− λn)2
4
Xn .
The two-isogenous elliptic curve E ′n has the two-torsion point p′ : (X, Y ) = (0, 0) such
that E ′′n = E ′n/〈p′〉 is isomorphic to En. Moreover, we denote by Ψ : A = E1 × E2 →
A′ = E ′1 × E ′2 the product-isogeny. As map between abelian surfaces Ψ is a (2, 2)-
isogeny. Similarly, there is a dual (2, 2)-isogeny Ψ′ : A′ → A′′ ∼= A. It was shown in
[6] that Ψ and Ψ′ descend to rational maps between the associated Kummer surfaces.
We then have the following:
Lemma 2.14. The K3 surface S ′λ1,λ2 is the Kummer surface Kum(E ′1×E ′2) associated
with the two-isogenous elliptic curves E ′1 and E ′2 in Equation (2.22).
Proof. The six values of the cross-ratio of the four ramification points are given by
(2.23)
{
λ′n, 1− λ′n,
1
λ′n
, 1− 1
λ′n
,
1
1− λ′n
,
1
1− 1
λ′n
}
,
with
(2.24) λ′n =
(
1−√λn
1 +
√
λn
)2
.
Thus, if we introduce the Jacobi moduli kn and k
′
n with λn = k
2
n and λ
′
n = (k
′
n)
2,
respectively, satisfying the symmetric relations
(2.25) k′n =
1− kn
1 + kn
, kn =
1− k′n
1 + k′n
,
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it follows that E ′n is isomorphic to the elliptic curve with λ-parameter λ′n.
The Weierstrass equation for J6 computed in [25] on the Kummer surface S ′λ1,λ2 =
Kum(E ′1 × E ′2) with λ′1 = (k′1)2 and λ′2 = (k′2)2 is given by
(2.26) Y 2 = X
(
X − U(U − 1)(λ′2U − λ′1)
)(
X − U(U − λ′1)(λ′2U − 1)
)
.
Setting U =
k′1u
k′2
, X = 4x/(λ′2)
2, Y = 8y/(λ′2)
3 we obtain Equation (2.21). 
We now prove a second Kummer sandwich theorem for the Jacobian elliptic K3
surface Yλ1,λ2 in Equation (2.17) and the Kummer surface S ′λ1,λ2 = Kum(E ′1 × E ′2)
associated with the product of the two-isogenous elliptic curves E ′n in Equation (2.22):
Proposition 2.15. The K3 surface Yλ1,λ2 and the Kummer surface S ′λ1,λ2 admit dual
Van Geemen-Sarti involution k and k′ associated with fiberwise translations by the
order-two section T : (X, Y ) = (0, 0) and T ′ : (x, y) = (0, 0), respectively, and a pair
of dual geometric two-isogenies
(2.27) Yk ''
ϕ
33❲ ❩ ❭ ❴ ❜ ❞ ❣S ′ k′
vv
ϕ′
ss ❲❩❭
❴❜❞❣
such that ωY = ϕ
∗ωS′ and 2ωS′ = (ϕ
′)∗ωY for the holomorphic two-forms ωS′ =
du ∧ dx/y and ωY = du ∧ dX/Y on S ′λ1,λ2 and Yλ1,λ2, respectively.
Proof. We denote the Weierstrass equation for Yλ1,λ2 by Y 2 = X3+p2X2+p1X . The
translation by the two-torsion section T : (X, Y ) = (0, 0) is a Nikulin involution k,
which for X 6= 0 is given by addition with respect to the group law in the elliptic
fiber, i.e.,
(2.28) k : (X,Y ) 7→ (X,Y ) .+ (0, 0) =
(
p1
X
,−p1Y
X2
)
.
By resolving the eight nodes of Yλ1,λ2/〈k〉 we obtain a K3 surface equipped with a
Jacobian elliptic fibration given by the Weierstrass model
(2.29) y2 = x3 − 1
2
p2 x
2 +
1
4
(
p22
4
− p1
)
x ,
which is Equation (2.21) defining S ′λ1,λ2 . One constructs the dual Van Geemen-Sarti
involution k′ analogously. The explicit formulas for the isogeny and the dual isogeny
are well known and given by
(2.30) ϕ : Yλ1,λ2 99K S ′λ1,λ2 , (X,Y ) 7→
(
Y 2
4X2
,
Y
(
X2 − p1
)
8X2
)
,
and
(2.31) ϕ′ : S ′λ1,λ2 99K Yλ1,λ2 , (x, y) 7→
(
y2
x2
,
y
(
16x2 − p22 + 4 p1)
)
16x2
)
.
The rest of the statement follows from Lemma 2.14 and a direct computation. 
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The involution ′′ induces a Nikulin involution ′ ∈ Aut(S ′λ1,λ2) of Equation (2.21).
We obtain a K3 surface Y ′λ1,λ2 as the minimal resolution of S ′λ1,λ2/〈′〉. The quotient
map induces the degree-two rational map
(2.32) φ′ : S ′λ1,λ2 99K Y ′λ1,λ2 , (u, x, y) 7→ (v,X, Y ) =
(
u+ u−1,
(u2 − 1)2
u4
x,
(u2 − 1)3
u6
y
)
,
such that (φ′)∗ωY ′ = ωS′ for the holomorphic two-form ωY ′ = dv ∧ dX/Y on Y ′λ1,λ2 ,
where a Weierstrass equation for Y ′λ1,λ2 is
Y 2 =X3 − 1
2
(
v2 − 4)((λ1 − 1)(λ2 − 1)v − 2 (λ1 + 1)(λ2 + 1))X2
+
1
16
(v2 − 4)2
((
(λ1 − 1)(λ2 − 1)v − (λ1 + 1)(λ2 + 1)
)2 − 64λ1λ2)X .(2.33)
We have the following:
Lemma 2.16. Equation (2.33) determines an elliptic fibration with section on the
K3 surface Y ′λ1,λ2. Generically, the Weierstrass model has a singular fiber of Kodaira-
type I∗2 at v =∞, two singular fibers of type I∗0 at v = ±1, two singular fibers of type
I2, and the Mordell-Weil group (Z/2Z)
2.
Proof. The proof is analogous to the proof of Lemma 2.9. 
We also have a Kummer sandwich theorem for the Jacobian elliptic K3 surface
Y ′λ1,λ2 in Equation (2.33) and the Kummer surface Sλ1,λ2 = Kum(E1 × E2) associated
with the product of the two elliptic curves E1, E2 in Equation (2.8) :
Corollary 2.17. The K3 surface Y ′λ1,λ2 and the Kummer surface Sλ1,λ2 admit dual
Van Geemen-Sarti involution k and k′ associated with fiberwise translations by the
order-two section T ′ : (X, Y ) = (0, 0) and T : (x, y) = (0, 0), respectively, and a pair
of dual geometric two-isogenies
(2.34) Y ′k′))
χ′
33❩ ❭ ❴ ❜ ❞ ❣ S k
ww
χ
ss ❲❩❭❴❜❞
such that ωS = χ
∗ωY ′ and 2ωY ′ = (χ
′)∗ωS for the holomorphic two-forms ωY ′ =
dv ∧ dx/y and ωS = du ∧ dX/Y on Sλ1,λ2 and Y ′λ1,λ2, respectively.
Proof. The proof is analogous to the proof of Theorem 2.15. 
We also have the following:
Lemma 2.18. Over M˜ with l2 = λ1λ2, the Jacobian elliptic K3 surface Y ′λ1,λ2 in
Equation (2.33) is isomorphic to the twisted Legendre pencil
(2.35) y2 = 16 l x (x− 1) (x− w)
(
w − (l + 1)
2
4l
)(
w − (l + λ1)
2
4lλ1
)
,
equipped with the holomorphic two-form dw ∧ dx/y.
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Proof. Starting with Equation (2.33) one uses a scaling and shift to obtain w and x
from v and X , respectively. 
We summarize the results of Propositions 2.11 and 2.15, Corollary 2.17 and Re-
mark 2.13 in the following diagram:
❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴✤
✤
✤
✤
❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴
Sλ1,λ2 = Kum(E1 × E2)
ψ
//❴❴❴❴❴❴❴
Ψ
**❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
Yλ1,λ2
φ
//❴❴❴❴❴❴❴
ϕ

✤
✤
✤
❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴✤
✤
✤
✤
❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴
Sλ1,λ2 = Kum(E1 × E2)
χ

✤
✤
✤
❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴✤
✤
✤
✤
❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴
S ′λ1,λ2 = Kum(E ′1 × E ′2)
φ′
//❴❴❴❴❴❴❴
ϕ′
OO✤
✤
✤
Ψ′
44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐
Y ′λ1,λ2
χ′
OO✤
✤
✤
Figure 1.
2.3. The Greene-Plesser construction and Kummer sandwiches. We will now
use Propositions 2.11 and 2.15 and Corollary 2.17 in the special situation that the two
elliptic curves are two-isogeneous, and the Picard rank of the K3 surfaces increases
from 18 to 19. We have the following:
Lemma 2.19. The Jacobian elliptic K3 surface Yλ1,λ2 in Equation (2.17) coincides
with the mirror-quartic family Yλ2 in Lemma 2.2 if and only if E1 and E2 in Equa-
tion (2.8) are two-isogeneous elliptic curves, i.e., E2 ∼= E ′1. In particular, E1 and E2
in Equation (2.8) are two-isogeneous elliptic curves if
(2.36) 0 = λ21λ
2
2 − 2λ1λ2(λ1 + λ2) + λ21 + λ22 − 12λ1λ2 − 2(λ1 + λ2) + 1 ,
and λ2 = −(λ1 + 1)(λ2 + 1)/[2(λ1 − 1)(λ2 − 1)].
Proof. The proof follows by computing and matching the discriminants for Jacobian
elliptic fibration in Lemma 2.2 and for Equation (2.17). 
Remark 2.20. If one considers all holomorphic transformations of the elliptic curves
En in Equation (2.8), the condition E2 ∼= E ′1 in Equation (2.22) can be expressed in
terms of the j-invariants j1 and j2 of the elliptic curves E1 and E2, given by
(2.37) jk =
256(λ2k − λk + 1)3
λ2k(λk − 1)2
.
The modular completion of Equation (2.36) then is the classical modular curve X0(2)
given by
0 =− j21j22 + j31 + j32 + 1488j1j2(j1 + j2)− 243453(j21 + j22)
+ 34534027j1j2 + 2
73755(j1 + j2)− 2123959 ,
(2.38)
an irreducible plane algebraic curve of genus zero. X0(2) has a rational parametriza-
tion given by j1 = (h+ 256)
3/h2 and j2 = (h + 16)
3/h for h ∈ C×; see [19].
In the case n = 3 in Equation (1.1), the Greene-Plesser orbifolding method con-
structs from the quartic Dwork pencil Xλ the mirror-quartic family Yλ2. The latter is
equipped with a Jacobian elliptic fibration established in Lemma 2.2. We then have
the following:
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Theorem 2.21. The Greene-Plesser construction for K3 surfaces Xλ 99K Yλ2 factors
through a Kummer sandwich. In particular, there are rational maps
(2.39) Xλ 99K Kum(E × E ′)
ψ′
99K Yλ2
φ
99K Kum(E × E ′) χ99K Y ′λ2 ,
where E = E1 and E ′ = E ′1 are the two-isogeneous elliptic curves given by Equa-
tion (2.8) and Equation (2.22), respectively, and the Jacobian elliptic K3 surface Y ′λ2
is the twisted Legendre pencil given by
(2.40) y2 = 16 l x (x− 1) (x − w) (w − λ2) (w − 1− λ2) ,
with l = 1 + 2λ
√
λ2 − 1 − 2λ2. Here, we have equipped Yλ2 and Y ′λ2 with the holo-
morphic two-forms ωY = du ∧ dX/Y and ωY ′ = dw ∧ dx/y, respectively, such that
ωY = φ
∗χ∗ωY ′.
Proof. The proof follows by specializing the results of Theorems 2.11 and 2.15 and
Corollary 2.17 to the situation where the elliptic curve E2 is the two-isogeneous elliptic
curve E ′1. Lemma 2.19 then allows us to express the relevant coefficients in terms of
λ. In Figure 1 for E2 = E ′1 we have S ′λ1,λ2 = Sλ1,λ2. Thus, any rational map that
dominates Yλ1,λ2 also dominates Sλ1,λ2. Finally, Equation (2.35) restricted to the
situation in Lemma 2.19 yields the the twisted Legendre pencil in Equation (2.40). 
Remark 2.22. Theorem 2.21 implies that the holomorphic solution of the Picard-
Fuchs equation of (Yλ2 , ωY) coincide with the one of (Y ′λ2, ωY ′). Using the result in
[10, Thm 2.5] with µ = 1/2, a = λ2 and b = 1+λ2, we immediately conclude that the
holomorphic solution of the Picard-Fuchs equation for the latter is
(2.41) λ
(2π i)2
λ
(
2F1
( 1
4 ,
3
4
1
∣∣∣∣A))2
with A = 1
2
(
1−√1− 1/λ4). The quadratic relation for hypergeometric functions
(2.42) 2F1
(
p, q
p+ q + 12
∣∣∣∣ 1λ4
)
= 2F1
(
2p, 2q
p+ q + 12
∣∣∣∣ 12
(
1−
√
1− 1
λ4
))
,
then implies that the holomorphic period equals
(2.43) (2πi)2
(
2F1
( 1
8 ,
3
8
1
∣∣∣∣ 1λ4
))2
= (2πi)2
(
2F1
( 1
8 ,
3
8
1
∣∣∣∣µ))2 ,
which agrees with the holomorphic period computed by Narumiya and Shiga in [33].
3. General quartic Kummer surfaces
We now turn to the Kummer variety associated with a principally polarized abelian
variety; see [2]. Let L be the ample line symmetric bundle on an abelian surface A
defining its principal polarization and consider the rational map A → P3 associated
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with the line bundle L2. Its image is easily seen to be a quartic surface in P3 =
P(X0, . . . , X3) given by
0 = ξ0 (X
4
0 +X
4
1 +X
4
2 +X
4
3 ) + ξ4X0X1X2X3(3.1)
+ ξ1
(
X20X
2
1 +X
2
2X
2
3
)
+ ξ2
(
X20X
2
2 +X
2
1X
2
3
)
+ ξ3
(
X20X
2
3 +X
2
1X
2
2
)
,
with [ξ0 : ξ1 : ξ2 : ξ3 : ξ4] ∈ P4. Any general member of the family (3.1) is smooth. As
soon as the surface is singular at a general point, it must have sixteen singular nodal
points because of its symmetry. The discriminant turns is a homogeneous polynomial
of degree eighteen in the parameters [ξ0 : ξ1 : ξ2 : ξ3 : ξ4] ∈ P4 and was determined in
[2, Sec. 7.7 (3)]. The Kummer surfaces form an open set among the hypersurfaces in
Equation (3.1) with parameters [ξ0 : ξ1 : ξ2 : ξ3 : ξ4] ∈ P4, such that the irreducible
factor of degree three in the discriminant vanishes, i.e.,
(3.2) ξ0
(
16ξ20 − 4ξ21 − 4ξ22 − 4ξ33 + ξ24
)
+ 4 ξ1ξ2ξ3 = 0 .
Setting ξ0 = 1 and using the affine moduli ξ1 = −A, ξ2 = −B, ξ3 = −C, ξ4 = 2D, we
obtain the normal form of a nodal quartic surface.
Definition 3.1. A general Kummer quartic is the surface in P3 = P(X0, . . . , X3) is
0 = X40 +X
4
1 +X
4
2 +X
4
3 + 2DX0X1X2X3(3.3)
−A(X20X21 +X22X23)−B(X20X22 +X21X23)− C(X20X23 +X21X22) ,
where A,B,C,D ∈ C such that
(3.4) D2 = A2 +B2 +C2 +ABC − 4 .
Remark 3.2. The symmetries of Equation (3.3) are generated by the discrete group
(Z/2Z)2 of transformations changing signs of two coordinates, i.e.,
[X0 : X1 : X2 : X3]→ [−X0 : −X1 : X2 : X3] ,
[X0 : X1 : X2 : X3]→ [−X0 : X1 : −X2 : X3] ,(3.5)
and the permutations, generated by [X0 : X1 : X2 : X3] → [X1 : X0 : X3 : X2] and
[X0 : X1 : X2 : X3]→ [X2 : X3 : X0 : X1].
3.1. Moduli of a general Kummer surface. If A = Jac(C) is the Jacobian of a
smooth curve C of genus two, then the hermitian form associated to the divisor class
[C] is a polarization of type (1, 1), also called a principal polarization. Conversely,
over the complex numbers a principally polarized abelian surface is either the Jacobi
variety of a smooth curve of genus two with the theta-divisor or the product of two
complex elliptic curves with the product polarization [2, Sec. 4]. Therefore, a general
Kummer surface is associated with a principally polarized abelian surface A = Jac(C)
for a smooth curve C of genus two.
We start with a smooth genus-two curve C in Rosenhain normal form
(3.6) C : y2 = x (x− 1) (x− λ1) (x− λ2) (x− λ3) .
We denote the hyperelliptic involution on C by ıC. The ordered tuple (λ1, λ2, λ3)
– where the λi are pairwise distinct and different from (λ4, λ5, λ6) = (0, 1,∞) –
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determines a point in the moduli spaceM2 of genus-two curves with level-two struc-
ture. We also introduce the moduli Λ1 = (λ1 + λ2λ3)/l, Λ2 = (λ2 + λ1λ3)/l, and
Λ3 = (λ3+λ1λ2)/l on the double cover M˜2 of the moduli space given by l2 = λ1λ2λ3.
The symmetric product of C is given by C(2) = (C × C)/〈σC(2)〉 where σC(2) inter-
changes the copies of C. The variety C(2)/〈ıC × ıC〉 is given in terms of the variables
U = x(1)x(2), and X = x(1) + x(2), and Y = y(1)y(2) by the affine equation
(3.7) Y 2 = U
(
U −X + 1) 3∏
i=1
(
λ2i U − λiX + 1
)
,
equipped with the canonical holomorphic two-form
(3.8) pr∗
(
l dU ∧ dX
Y
)
= l
(
dx(1)
y(1)
⊠
x(2)dx(2)
y(2)
− x
(1)dx(1)
y(1)
⊠
dx(2)
y(2)
)
,
where pr : C × C → C(2) is the projection map. The affine variety in Equation (3.7)
completes to a hypersurface in P(1, 1, 1, 3) called the Shioda sextic [40]. The proof of
the following proposition was given in [13]:
Proposition 3.3. The Shioda sextic determined by Equation (3.7) is birational to
the Kummer surface Kum(Jac C) associated with the Jacobian Jac(C) of the genus-
two curve C in Rosenhain normal form (3.6). In particular, for the pairing of the
Weierstrass points given by (λ1, λ5), (λ2, λ3), (λ4, λ6) there is an isomorphism between
Equation (3.7) and Equation (3.3) such that
A = 2
λ1 + 1
λ1 − 1 , B = 2
λ1λ2 + λ1λ3 − 2λ2λ3 − 2λ1 + λ2 + λ3
(λ2 − λ3)(λ1 − 1) , C = 2
λ3 + λ2
λ3 − λ2 ,
D = 4
λ1 − λ2λ3
(λ2 − λ3)(λ1 − 1) .(3.9)
The translation of the Jacobian A = Jac(C) by a two-torsion point is an isomor-
phism of the Jacobian and maps the set of two-torsion points to itself. For any
isotropic two-dimensional subspace K ∼= (Z/2Z)2 of A[2], also called called Go¨pel
group in A[2], it is well-known that A′ = A/K is again a principally polarized abelian
surface [31, Sec. 23]. Therefore, the isogeny Ψ : A → A′ between principally polarized
abelian surfaces has as its kernel the two-dimensional isotropic subspace K of A[2].
We call such an isogeny Ψ a (2, 2)-isogeny, generalizing the isogeny in Remark 2.13.
It turns out that there exists a complementary maximal isotropic subgroup in A[2],
whose image in A′ we denote by K ′, such that A′/K ′ ∼= A and a corresponding dual
(2, 2)-isogeny Ψ′ : A′ → A.
In the case A = Jac(C) one may ask whether A′ = Jac(C′) for some other curve C′
of genus two, and what the precise relationship between the moduli of C and C′ is.
The geometric moduli relationship between the two curves of genus two was found
by Richelot [36]; see [3]: if we choose for C a sextic equation Y 2 = f6(X,Z), then
any factorization f6 = A · B · C into three degree-two polynomials A,B,C defines a
genus-two curve C′ given by
(3.10) ∆ · Y 2 = [A,B] [A,C] [B,C]
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where we have set [A,B] = ∂AB−A∂B with ∂A the derivative of A with respect to
X and ∆ is the determinant of A,B,C with respect to the basis X2, XZ, Z2. In [13]
a Richelot-isogeneous curve C′ was obtained for the Go¨pel group K associated with
pairing the roots according to (λ1, λ5 = 1), (λ2, λ3), (λ4 = 0, λ6 =∞) and setting
[B,C] = x2 − λ1, [A,C] = x2 − λ2λ3,
[A,B] = (1 + λ1 − λ2 − λ3)x2 − 2(λ1 − λ2λ3)x+ λ1λ2 + λ1λ3 − λ2λ3 − λ1λ2λ3.
A dual Go¨pel group K ′ is then obtained by setting A′ = [B,C], B′ = [A,C], C ′ =
[A,B] such that Jac(C′)/K ′ ∼= Jac(C) [13, Sec. 3]. Moreover, when the isogeneous
curve C′ is written in the form
(3.11) C′ : y2 = x (x− 1) (x− λ′1) (x− λ′2) (x− λ′3) ,
with moduli Λ′1 = (λ
′
1 + λ
′
2λ
′
3)/l
′, Λ′2 = (λ
′
2 + λ
′
1λ
′
3)/l
′, and Λ′3 = (λ
′
3 + λ
′
1λ
′
2)/l
′ and
(l′)2 = λ′1λ
′
2λ
′
3, then a result of [13, Sec. 3] proves that the moduli are related by
Λ1 = 2
2Λ′1−Λ
′
2−Λ
′
3
Λ′2−Λ
′
3
,
Λ2 − Λ1 = −4(Λ
′
1−Λ
′
2)(Λ
′
1−Λ
′
3)
(Λ′1+2)(Λ
′
2−Λ
′
3)
,
Λ3 − Λ1 = −4(Λ
′
1−Λ
′
2)(Λ
′
1−Λ
′
3)
(Λ′1−2)(Λ
′
2−Λ
′
3)
,
Λ′1 = 2
2Λ1−Λ2−Λ3
Λ2−Λ3
,
Λ′2 − Λ′1 = −4(Λ1−Λ2)(Λ1−Λ3)(Λ1+2)(Λ2−Λ3) ,
Λ′3 − Λ′1 = −4(Λ1−Λ2)(Λ1−Λ3)(Λ1−2)(Λ2−Λ3) .
(3.12)
Remark 3.4. It was shown in [13] that the two transformations changing signs of
two coordinates in Equation (3.5) generate the Go¨pel group K such that Jac(C′)/K ′ ∼=
Jac(C) for the moduli related by Equations (3.12).
3.2. Jacobian elliptic fibrations and Kummer sandwiches. On the Kummer
surface Kum(A) associated with a principally polarized abelian surface, there are al-
ways two sets of sixteen (−2)-curves, called nodes and tropes, which are either the
exceptional divisors corresponding to blow-up of the 16 two-torsion points or they
arise from the embedding of the polarization divisor as symmetric theta divisors.
These two sets of smooth rational curves have a rich symmetry, the so-called 166-
configuration where each node intersects exactly six tropes and vice versa [20]. Using
curves in the 166-configuration, one can find all elliptic fibrations since all irreducible
components of a reducible fiber in an elliptic fibration are (−2)-curves [22] and the Pi-
card rank is seventeen. All inequivalent elliptic fibrations were determined explicitly
by Kumar in [24]. In particular, Kumar computed elliptic parameters and Weier-
strass equations for all twenty five different fibrations that appear, and analyzed the
reducible fibers and Mordell-Weil lattices.
It was shown in [8, 11] that the Shioda sextic in Equation (3.7) defines a Jacobian
elliptic fibration on S ′ = Kum(JacC′) associated with the Jacobian of the genus-two
C′ in Equation (3.11) given by the Weierstrass equation
y2 = x
(
x− u (u2 − uΛ′3 + 1) (Λ′1 − Λ′2) ) (x− u (u2 − uΛ′2 + 1) (Λ′1 − Λ′3) ) ,(3.13)
such that the holomorphic two-form in Equation (3.8) coincides with ωS′ = du∧dx/y.
We have the following:
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Lemma 3.5. Equation (3.13) determines an elliptic fibration with section on the
Kummer surface Kum(JacC′). Generically, the Weierstrass model has two singu-
lar fibers of Kodaira-type I∗0 at u = 0,∞, six singular fibers of type I2 located over
a collection of base points invariant under u 7→ 1/u, and the Mordell-Weil group
(Z/2Z)2 ⊕ 〈1〉.
Proof. One first identifies the collection of singular fibers as in the proof of Lemma 2.6.
Comparison with the results in [24] then determines the Mordell-Weil group. 
The Jacobian elliptic Kummer surface S ′ = Kum(Jac C′) in Lemma 3.5 admits an
additional two-torsion section, namely T ′ : (x, y) = (0, 0), defining a Van Geemen-
Sarti involution k′ ∈ Aut(S ′). It is straight forward to show that the minimal resolu-
tion of S ′/〈k′〉 is a Jacobian elliptic K3 surface Y given by the Weierstrass equation
Y 2 =X3 + 2u2
(
(2Λ′1 − Λ′2 − Λ′3)(u+ u−1) + (2Λ′2Λ′3 − Λ′1Λ′2 − Λ′1Λ′3)
)
X2
+ u4(Λ′2 − Λ′3)2
(
(u+ u−1)− Λ′1
)2
X ,
(3.14)
equipped with the holomorphic two-form ωY = du∧dX/Y . Obviously, the K3 surface
Y also admits a second (commuting) Nikulin involution
(3.15) ′ : (u,X, Y ) 7→
(
1
u
,
X
u4
,− Y
u6
)
.
We have the following:
Lemma 3.6. Equation (3.14) determines an elliptic fibration with section on the K3
surface Y. Generically, the Weierstrass model has two singular fibers of Kodaira-type
I∗0 at u = 0,∞, two singular fibers of type I4 and four singular fibers of type I1 located
over a collection of base points invariant under u 7→ 1/u, and the Mordell-Weil group
Z/2Z⊕ 〈1〉.
Proof. The proof is similar to the one of Lemma 3.5. 
We have the following result analogous to Proposition 2.15:
Proposition 3.7. The K3 surface Y (given by Equation (3.13)) and the Kummer
surface S ′ (given by Equation (3.14)) admit dual Van Geemen-Sarti involution k and
k′ associated with fiberwise translations by the order-two section T : (X, Y ) = (0, 0)
and T ′ : (x, y) = (0, 0), respectively, and a pair of dual geometric two-isogenies
(3.16) Yk ''
ϕ
33❲ ❩ ❭ ❴ ❜ ❞ ❣S ′ k′
vv
ϕ′
ss ❲❩❭
❴❜❞❣
such that ωY = ϕ
∗ωS′ and 2ωS′ = (ϕ
′)∗ωY for the holomorphic two-forms ωS′ =
du ∧ dx/y and ωY = du ∧ dX/Y on S ′ and Y, respectively.
Proof. The proof follows the one for Proposition 2.15 applied to the Jacobian elliptic
fibrations in Equation (3.13) and Equation (3.14). 
We also have the following result from [24]:
COUNTING RATIONAL POINTS ON GENERAL KUMMERS 19
Lemma 3.8. The Kummer surface S = Kum(Jac C) admits:
(1) a Jacobian elliptic fibration whose Weierstrass model has four singular fibers
of Kodaira-type I4, eight singular fibers of type I1 located over a collection of
base points invariant under t 7→ −t and t 7→ 1/t, and the Mordell-Weil group
Z3 ⊕ Z/2Z,
(2) a Jacobian elliptic fibration whose Weierstrass model has one singular fiber of
Kodaira-type I4, two singular fibers of type I1, three singular fibers of type I
∗
0 ,
and the Mordell-Weil group Z/2Z.
As shown in [11], a Weierstrass equation for fibration (1) in Lemma 3.8 is
y2 =x3 + 2 t2
(
(2Λ′1 − Λ′2 − Λ′3)(t2 + t−2) + (2Λ′2Λ′3 − Λ′1Λ′2 − Λ′1Λ′3)
)
x2
+ t4(Λ′2 − Λ′3)2
(
(t2 + t−2)− Λ′1
)2
x ,
(3.17)
equipped with the holomorphic two-form ωS = dt∧dx/y. It admits the two commut-
ing Nikulin involutions ı,  given by
(3.18) ı : (t, x, y) 7→ (−t, x,−y) ,  : (t, x, y) 7→
(
1
t
,
x
t4
,− y
t6
)
.
Similarly, a Weierstrass equation for fibration (2) in Lemma 3.8 is
y2 =x3 + 2 (v2 − 4)
(
(2Λ′1 − Λ′2 − Λ′3)v + (2Λ′2Λ′3 − Λ′1Λ′2 − Λ′1Λ′3)
)
x2
+ (v2 − 4)2(Λ′2 − Λ′3)2(v − Λ′1)2x ,
(3.19)
equipped with the holomorphic two-form ωS = dv∧dx/y. Equation (3.19) also admits
an additional two-torsion section, namely T : (x, y) = (0, 0), defining a Van Geemen-
Sarti involution k ∈ Aut(S). For convenience, we have expressed the coefficients of
the fibration in terms of the moduli of the (2, 2)-isogeneous curve C′, rather than the
moduli of the curve C. Because the coefficients of the Weierstrass equations only
depend on (Λ′1,Λ
′
2,Λ
′
3), they can easily be expressed in terms of the moduli of the
curve C using Equation (3.12).
Thus, the Kummer sandwich theorem 2.11 generalizes as follows:
Proposition 3.9. The Kummer surface S = Kum(Jac C) admits two commuting
Nikulin involutions ı,  (given by Equations (3.18)) such that the quotient surface S/〈ı〉
is birational to Y in Equation (3.14), and the quotient surface S/〈ı, 〉 is birational
to S itself. Thus, S dominates and is dominated by Y via the two rational maps of
degree two
(3.20) ψ : S 99K Y , φ : Y 99K S ,
given by Equations (2.16) and (2.18), such that 2ωS = ψ
∗ωY and ωY = φ
∗ωS for the
holomorphic two-forms ωY and ωS on Y and S, respectively.
Proof. The proof is the same as the proof for Proposition 3.9. 
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The involution  induces Nikulin involutions ′ ∈ Aut(S ′), in exactly the same way
it did in Picard rank 18. We obtain a new K3 surface Y ′ as the minimal resolution
of S ′/〈′〉. The quotient map induces the degree-two rational map φ′ : S ′ 99K Y ′
(given by Equation (2.32)) such that (φ′)∗ωY ′ = ωS′ for the holomorphic two-form
ωY ′ = dv ∧ dX/Y on Y ′λ1,λ2 , where a Weierstrass equation for Y ′ is given by
Y 2 =X3 − (v2 − 4)
(
(2Λ′1 − Λ′2 − Λ′3)v + (2Λ′2Λ′3 − Λ′1Λ′2 − Λ′1Λ′3)
)
X2
+ (v2 − 4)2(Λ′1 − Λ′2)(Λ′1 − Λ′3)(v − Λ′2)(v − Λ′3)X .
(3.21)
We have the following:
Lemma 3.10. Equation (3.21) defines an elliptic fibration with section on the K3
surface Y ′. Generically, the Weierstrass model has three singular fibers of Kodaira-
type I∗0 , three singular fibers of type I2, and the Mordell-Weil group (Z/2Z)
2.
Proof. The proof is analogous to the proof of Lemma 2.9. 
Corollary 2.17 then generalizes as well. We have:
Corollary 3.11. The K3 surface Y ′ and the Kummer surface S = Kum(JacC) admit
dual Van Geemen-Sarti involution k and k′ associated with fiberwise translations by
the order-two section T ′ : (X, Y ) = (0, 0) and T : (x, y) = (0, 0), respectively, and a
pair of dual geometric two-isogenies
(3.22) Y ′k′))
χ′
33❩ ❭ ❴ ❜ ❞ ❣ S k
ww
χ
ss ❲❩❭❴❜❞
such that ωS = χ
∗ωY ′ and 2ωY ′ = (χ
′)∗ωS for the holomorphic two-forms ωY ′ =
dv ∧ dx/y and ωS = du ∧ dX/Y on Sλ1,λ2 and Y ′λ1,λ2, respectively.
Proof. The proof is analogous to the proof of Theorem 2.15. 
❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴✤
✤
✤
✤
❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴
S = Kum(JacC) ψ //❴❴❴❴❴❴❴
Ψ
))❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
Y φ //❴❴❴❴❴❴❴
ϕ

✤
✤
✤
❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴✤
✤
✤
✤
❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴
S = Kum(Jac C)
χ

✤
✤
✤
❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴✤
✤
✤
✤
❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴
S ′ = Kum(JacC) φ
′
//❴❴❴❴❴❴❴
ϕ′
OO✤
✤
✤
Ψ′
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦
Y ′
χ′
OO✤
✤
✤
Figure 2.
We summarize the results of Propositions 3.9 and 3.7, and Corollary 3.11 in Dia-
gram 2. Here, C is the genus-two curve in Equation (3.6), C′ is the (2, 2)-isogeneous
genus-two curve in Equation (3.11), and Ψ and Ψ′ are the rational maps induced by
the (2, 2)-isogenies between them. The moduli of the genus-two curve C are the Rosen-
hain roots (λ1, λ2, λ3). From those we obtain Λ1 = (λ1+ λ2λ3)/l, Λ2 = (λ2+ λ1λ3)/l,
and Λ3 = (λ3 + λ1λ2)/l on the double cover M˜2 of the moduli space given by
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l2 = λ1λ2λ3. The moduli Λ
′
1,Λ
′
2,Λ
′
3 are obtained in the same way from the Rosenhain
roots (λ′1, λ
′
2, λ
′
3) of C′, and related via Equations (3.12).
We now state our first main result:
Theorem 3.12. The Kummer surface S = Kum(Jac C) admits three commuting
Nikulin involutions ı, , k such that the quotient surface S/〈ı〉 is birational to Y in
Equation (3.14), S/〈ı, 〉 is birational to S, and S/〈ı, , k〉 is birational to Y ′ in Equa-
tion (3.21). In particular, there are rational maps of degree two
(3.23) Kum(Jac C) ψ99K Y φ99K Kum(Jac C) χ99K Y ′ ,
and
(3.24) Kum(Jac C) ψ99K Y ϕ99K Kum(Jac C′) φ
′
99K Y ′ ,
such that ωY = φ
∗χ∗ωY ′ = ϕ
∗φ′∗ωY ′ for the holomorphic two-forms ωY = du ∧ dX/Y
and ωY ′ = dv ∧ dX/Y . The K3 surface Y ′ is birational to the Legendre pencil
(3.25) y˜2 = −16(Λ1 − Λ3)(Λ1 − Λ2)
(Λ2 − Λ3)2(Λ21 − 4)
(
x˜2 − 4)(x˜− v˜)(v˜ − Λ1)(v˜ − Λ2)(v˜ − Λ3) ,
equipped with the holomorphic two-form dv˜ ∧ dx˜/y˜ or, equivalently, given by
(3.26) y2 = −(x2 − 4)(x− w)(w − Λ′1)(w − Λ′2)(w − Λ′3) ,
equipped with the holomorphic two-form dw ∧ dx/y.
Proof. The application of Propositions 3.9 and 3.7, and Corollary 3.11 and Diagram 2
prove the first part of the theorem. To obtain Equation (3.26) from Equation (3.21),
one interchanges the roles of base and fiber and uses the transformation x = v and
(3.27) w =
(v2 − 4)(v − Λ′1)(v − Λ′2)(v − Λ′3)
X − (v2 − 4)(v − Λ′2)(v − Λ′3)
+ v .
To obtain Equation (3.25) from Equation (3.21), one uses a fractional liner transfor-
mation with
(3.28) v =
2(2Λ1 − Λ2 − Λ3)w − 2(Λ1Λ2 + Λ1Λ3 − 2Λ2Λ3)
(w − Λ1)(Λ2 − Λ3) .
We make the following critical remarks:
Remark 3.13. Diagram 2 and Remark 3.4 imply that the Go¨pel group K such that
Jac(C′)/K ′ ∼= Jac(C) is in fact generated by the Nikulin involution i and the Van
Geemen-Sarti involution k on the Jacobian elliptic fibration (3.17) on Kum(Jac C).
The precise relationship between the action of Go¨pel groups and the Jacobian elliptic
fibrations was discussed in [14].
Remark 3.14. The K3 surfaces Y ′ in Theorem 3.12 are double covers of the Hirze-
bruch surface F0 = P
1× P1 branched along a curve of type (4, 4), i.e., along a section
in the line bundle OF0(4, 4). Every such cover has two elliptic fibrations correspond-
ing to the two rulings of the quadric F0 coming from the projections πi : F0 → P1
for i = 1, 2. A fibration with two fibers of type I∗0 corresponds to double covers of
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F0 branched along curves of the form F1 + F2 + S where F1, F2 are fibers of π1 and
S is a section of OF0(2, 4). A second elliptic fibration arises from the projection π2,
and in this case has the same singular fibers. This second fibration arises in a sim-
ple geometric manner, roughly speaking, by interchanging the roles of base and fiber
coordinates for the first fibration; see details in the proof of Theorem 3.12.
Remark 3.15. Using the presentation of Y ′ as twisted Legendre pencils in Equa-
tion (3.26) and (3.26), any period integral f of the holomorphic two-form ωY ′ can be
written as function of Λ′1,Λ
′
2,Λ
′
3 and Λ1,Λ2,Λ3, respectively, such that
(3.29) f = f(Λ′1,Λ
′
2,Λ
′
3) = ν(Λ1,Λ2,Λ3)
1
2 f(Λ1,Λ2,Λ3)
with
(3.30) ν(Λ1,Λ2,Λ3) =
16(Λ1 − Λ3)(Λ1 − Λ2)
(Λ2 − Λ3)2(Λ21 − 4)
.
The key observation is that replacing Jac(C) by the (2, 2)-isogeneous abelian surface
Jac(C′) in the Kummer surface S in Theorem 3.12 amounts to interchanging the
two fibrations in Equation (3.26) and Equation (3.25) up to a twist. Accordingly,
one checks that for (Λ′1,Λ
′
2,Λ
′
3) 7→ (Λ1,Λ2,Λ3), given by Equations (3.12), we have
ν(Λ1,Λ2,Λ3) 7→ 1/ν(Λ′1,Λ′2,Λ′3) ensuring the equivariance of Equation (3.29).
Finally, we briefly discuss how the limit is attained when the Picard number of the
constructed Jacobian elliptic K3 surfaces increases to 18. This is based on techniques
developed in [26–28]. We have the following:
Proposition 3.16. A pencil of genus-two curves C′ǫ′ with λ′1 → λ′1, λ′2 → λ′2(ǫ′)2,
λ′3 → (ǫ′)2 and 0 < |ǫ| < 1 in Equation (3.11) is of (parabolic) type [I4−0−0] in the
Namikawa-Ueno classification [32]. Using the moduli of the pencil in the limit ǫ′ → 0,
the elliptic fibrations in Equations (3.17), (3.14), (3.19), (3.13), (3.21) coincide with
the elliptic fibrations in Equations (2.13), (2.17), (2.19), (2.21), (2.33), respectively,
and Diagram 2 coincides with Diagram 1.
Proof. It is easy to show that a pencil C′ǫ′ with λ′1 = (k′1)2, λ′2 = (k′2ǫ′)2, λ′3 = (ǫ′)2
can be written in the form
(3.31) y2 = (x3 + αx+ β)((x + γ)2 + (ǫ′)4) .
This proves that the pencil is of (parabolic) type [I4−0−0] in the Namikawa-Ueno
classification. We obtain
(3.32) Λ′1 =
k′2(ǫ
′)2
k′1
+
k′1
k′2(ǫ
′)2
, Λ′2 =
k′1
k′2
+
k′2
k′1
, Λ′3 = k
′
1k
′
2 +
1
k′1k
′
2
,
where we consider (k′1)
2 and (k′2)
2 the moduli of two elliptic curves E ′1 and E ′2 in
Equation (2.22). To obtain the parameters in terms of two two-isogeneous elliptic
curves E1 and E2 in Equation (2.8), we set k′1 = (1 − k1)/(1 + k1) and k′2 = (1 −
k2)/(1 + k2) and also set ǫ
′ = 2 ǫ/[(k1 + 1)(k2 − 1)]; see the proof of Lemma 2.14.
Then, the limit of the constructed elliptic fibrations in Picard rank 17 for ǫ → 0
returns the corresponding elliptic fibrations in Picard rank 18 from Section 2.2 (up to
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a rescaling of the affines variables of the elliptic fiber, say (x, y) 7→ (x/ǫ2, y/ǫ3), and
Diagram 2 becomes Diagram 1 for ǫ→ 0. 
3.3. Rational point-count on the twisted Legendre pencil. As a reminder,
we have constructed the three-parameter families of K3 surfaces surfaces S ′ and Y ′
shown in Diagram 2. The K3 surface Y ′ is dominated by the Kummer surfaces S =
Kum(Jac C) and S = Kum(Jac C′). Here, the abelian surface Jac C is the Jacobian
of the genus-two curve C with Rosenhain roots (λ1, λ2, λ3). From those we obtain
Λ1 = (λ1+λ2λ3)/l, Λ2 = (λ2+λ1λ3)/l, and Λ3 = (λ3+λ1λ2)/l on the double cover M˜2
of the moduli space given by l2 = λ1λ2λ3. The moduli Λ
′
1,Λ
′
2,Λ
′
3 are obtained in the
same way from the Rosenhain roots (λ′1, λ
′
2, λ
′
3) for an isogeneous curve C′ related via
Equations (3.12) such that S ′ = Kum(JacC′). That is, the abelian surfaces are related
by a (2, 2)-isogeny Ψ : Jac C → Jac C′ and its dual (2, 2)-isogeny Ψ′ : Jac C′ → Jac C.
Denote by |S ′|p and |Y ′|(1)p or |Y ′|(2)p the number of rational points of the affine part
of S ′ and Y ′, defined using the Jacobian elliptic fibrations in Equation (3.14) and
Equation (3.25) or (3.26), respectively, over the finite field Fp. We have the following:
Proposition 3.17. We have:
(1) |S ′|p = 2 |Y ′|(1)p ,
(2) |Y ′|(2)p = ν(Λ1,Λ2,Λ3) 12 |Y ′|(1)p .
Proof. The proof of (1) follows by the application of Manin’s principle and Theo-
rem 3.12 and the relation between the elliptic fibrations in Equation (3.14) and Equa-
tion (3.25). The detailed argument for the relation between rational-point counting
functions and period integrals can be found in the proof of [29, Thm. 5.1]. Statement
(2) follows from Remark 3.15. 
We now state our second main result:
Theorem 3.18. Let Λ′1,Λ
′
2,Λ
′
3 ∈ Q. The following identity holds
|Y ′|(2)p ≡ 1 + (−1)
p−1
2
p−1
2∑
ℓ=0
2ℓ
∑
s+t+ℓ=p−1
0≤s,t≤ p−1
2
∑
i+j+k+ℓ=p−1
0≤i,j,k≤ p−1
2
C
p−1
2
s C
p−1
2
t C
p−1
2
ℓ C
p−1
2
i C
p−1
2
j C
p−1
2
k
× (−1)t(Λ′1)i(Λ′2)j(Λ′3)k mod p ,
(3.33)
where Cnk =
n!
k! (n−k)!
is the binomial coefficient of n chose k.
Proof. In Theorem 3.12 the K3 surface Y ′ was shown to be birational to the twisted
Legendre pencil
(3.34) y2 = −(x2 − 4)(x− w)(w − Λ′1)(w − Λ′2)(w − Λ′3) ,
which we used to define the counting function |Y ′|(2)p . For simplicity, we set a =
Λ′1, b = Λ
′
2, b = Λ
′
3 ∈ Q. Using standard techniques from [29], we calculate |Y ′|(2)p as
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follows:
|Y ′|(2)p =
∑
x,t∈Fp
(− (x+ 2)(x − 2)(x− w)(w − a)(w − b)(w − c)) p−12
= (−1) p−12
∑
w∈Fp
( ∑
x∈Fp
(
(x+ 2)(x− 2)(x− w)) p−12
︸ ︷︷ ︸
(a)
)(
(w − a)(w − b)(w − c)) p−12 .
The contribution (a) can be computed using the formula∑
x∈Fp
(
(x+ 2)(x− 2)(x− w)) p−12
=
∑
x∈Fp
∑
0≤s,t,ℓ≤ p−1
2
C
p−1
2
s C
p−1
2
t C
p−1
2
ℓ x
s+t+ℓ2(p−1)−(s+t)(−1)(p−1)−(t+ℓ)w p−12 −ℓ
≡ −
∑
s+t+ℓ=p−1
0≤s,t,ℓ≤ p−1
2
C
p−1
2
s C
p−1
2
t C
p−1
2
ℓ 2
ℓ(−1)sw p−12 −ℓ.
By letting ℓ1 =
p−1
2
− ℓ, (a) can be re-written as
−
p−1
2∑
ℓ1=0
( ∑
s+t= p−1
2
+ℓ1
0≤s,t≤ p−1
2
C
p−1
2
s C
p−1
2
t C
p−1
2
ℓ1
2
p−1
2
−ℓ1(−1)s
)
︸ ︷︷ ︸
=Aℓ1
wℓ1 .
For more details, we refer the reader to the analogous proof of [29, Prop. 4.6]. Hence,
we obtain
|Y ′|(2)p ≡ −(−1)
p−1
2
∑
w∈Fp
p−1
2∑
ℓ1=0
Aℓ1w
ℓ1
(
(w − a)(w − b)(w − c)) p−12 .
We now sum over w ∈ Fp to further simplify the summation. Consider the identity∑
w∈Fp
wℓ1
(
(w − a)(w − b)(w − c)) p−12
= −
∑
0≤i,j,k≤ p−1
2
C
p−1
2
i C
p−1
2
j C
p−1
2
k w
i+j+k+ℓ1(−a) p−12 −i(−b) p−12 −j(−c) p−12 −k .
If i+ j+k+ ℓ1 = 2(p−1), then we have i = j = k = ℓ1 = p−12 , which implies that the
equation s+ t = p−1
2
+ ℓ1 has only one integral solution, namely s = t =
p−1
2
. Thus,
−(−1) p−12
∑
w∈Fp
A p−1
2
w2(p−1) ≡ (−1) p−12 · A p−1
2︸ ︷︷ ︸
=(−1)
p−1
2
= 1 mod p .
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For the case i+ j + k + ℓ1 = (p− 1), we proceed as follows∑
w∈Fp
wℓ1
(
(w − a)(w − b)(w − c)) p−12
≡ −
∑
i+j+k+ℓ1=p−1
0≤i,j,k≤ p−1
2
C
p−1
2
i C
p−1
2
j C
p−1
2
k (−a)
p−1
2
−i(−b) p−12 −j(−c) p−12 −k
= −
∑
i+j+k−ℓ1=
p−1
2
C
p−1
2
i C
p−1
2
j C
p−1
2
k (−a)i(−b)j(−c)k
= −
∑
i+j+k−ℓ1=
p−1
2
C
p−1
2
i C
p−1
2
j C
p−1
2
k (−1)
p−1
2
−ℓ1aibjck mod p .
By using ℓ1 =
p−1
2
− ℓ =⇒ ℓ = p−1
2
− ℓ1 in the second line, we obtain
|Y ′|p ≡ 1 + (−1)
p−1
2
p−1
2∑
ℓ=0
( ∑
s+t= p−1
2
+ℓ1
0≤s,t≤ p−1
2
C
p−1
2
s C
p−1
2
t C
p−1
2
ℓ1
2
p−1
2
−ℓ1(−1)s
)
×
∑
i+j+k−ℓ1=
p−1
2
0≤i,j,k≤ p−1
2
C
p−1
2
i C
p−1
2
j C
p−1
2
k (−1)
p−1
2
−ℓ1aibjck
= 1 + (−1) p−12
p−1
2∑
ℓ=0
( ∑
s+t+ℓ=p−1
0≤s,t≤ p−1
2
C
p−1
2
s C
p−1
2
t C
p−1
2
ℓ 2
ℓ(−1)s
)
×
∑
i+j+k+ℓ=p−1
C
p−1
2
i C
p−1
2
j C
p−1
2
k (−1)ℓaibjck,
= 1 + (−1) p−12
p−1
2∑
ℓ=0
2ℓ
∑
s+t+ℓ=p−1
0≤s,t≤ p−1
2
∑
i+j+k+ℓ=p−1
0≤i,j,k≤ p−1
2
C
p−1
2
s C
p−1
2
t C
p−1
2
ℓ C
p−1
2
i C
p−1
2
j C
p−1
2
k (−1)taibjck.

References
[1] Victor V. Batyrev and Lev A. Borisov, Dual cones and mirror symmetry for generalized Calabi-
Yau manifolds, Mirror symmetry, II, 1997, pp. 71–86. MR1416334 (98b:14033) ↑1, 2, 3
[2] Christina Birkenhake and Herbert Lange, Complex abelian varieties, Second, Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 302,
Springer-Verlag, Berlin, 2004. MR2062673 ↑14, 15
[3] Jean-Benoˆıt Bost and Jean-Franc¸ois Mestre, Moyenne arithme´tico-ge´ome´trique et pe´riodes des
courbes de genre 1 et 2, Gaz. Math. 38 (1988), 36–64. MR970659 ↑16
26 NOAH BRAEGER, ANDREAS MALMENDIER, AND YIH SUNG
[4] Philip Candelas, Xenia de la Ossa, and Fernando Rodriguez-Villegas, Calabi-Yau manifolds
over finite fields. II, Calabi-Yau varieties and mirror symmetry (Toronto, ON, 2001), 2003,
pp. 121–157. MR2019149 ↑1
[5] Philip Candelas, Xenia C. de la Ossa, Paul S. Green, and Linda Parkes, An exactly soluble
superconformal theory from a mirror pair of Calabi-Yau manifolds, Phys. Lett. B 258 (1991),
no. 1-2, 118–126. MR1101784 (93b:32028) ↑1, 2
[6] J. W. S. Cassels and E. V. Flynn, Prolegomena to a middlebrow arithmetic of curves of genus
2, London Mathematical Society Lecture Note Series, vol. 230, Cambridge University Press,
Cambridge, 1996. MR1406090 ↑10
[7] C. Herbert Clemens, A scrapbook of complex curve theory, Second, Graduate Studies in Math-
ematics, vol. 55, American Mathematical Society, Providence, RI, 2003. MR1946768 ↑1
[8] A. Clingher, A. Malmendier, and T. Shaska, Six line configurations and string dualities, Comm.
Math. Phys. 371 (2019), no. 1, 159–196. MR4015343 ↑17
[9] Adrian Clingher and Charles F. Doran, Note on a geometric isogeny of K3 surfaces, Int. Math.
Res. Not. IMRN 16 (2011), 3657–3687. MR2824841 (2012f:14072) ↑9
[10] Adrian Clingher, Charles F. Doran, and Andreas Malmendier, Special function identities from
superelliptic Kummer varieties, Asian J. Math. 21 (2017), no. 5, 909–951. MR3767270 ↑14
[11] Adrian Clingher and Andreas Malmendier, On the geometry of (1,2)-polarized Kummer surfaces
(201704), available at 1704.04884. ↑17, 19
[12] , Nikulin involutions and the CHL string, Comm. Math. Phys. 370 (2019), no. 3, 959–
994. MR3995925 ↑10
[13] , Normal forms for Kummer surfaces, London Mathematical Society Lecture Note Se-
ries (2019), 459, available at 1809.02003. ↑16, 17
[14] Adrian Clingher, Andreas Malmendier, and Tony Shaska, On isogenies among certain abelian
varieties (201901), available at 1901.09846. ↑21
[15] David A. Cox, The homogeneous coordinate ring of a toric variety, J. Algebraic Geom. 4 (1995),
no. 1, 17–50. MR1299003 ↑4
[16] David A. Cox and Sheldon Katz, Mirror symmetry and algebraic geometry, Mathematical
Surveys and Monographs, vol. 68, American Mathematical Society, Providence, RI, 1999.
MR1677117 (2000d:14048) ↑2
[17] Igor V. Dolgachev, Mirror symmetry for lattice polarized K3 surfaces, J. Math. Sci. 81 (1996),
no. 3, 2599–2630. Algebraic geometry, 4. MR1420220 (97i:14024) ↑4
[18] B. R. Greene and M. R. Plesser, Duality in Calabi-Yau moduli space, Nuclear Phys. B 338
(1990), no. 1, 15–37. MR1059831 ↑2
[19] E. Hecke, Die eindeutige Bestimmung der Modulfunktionen q-ter Stufe durch algebraische Eigen-
schaften, Math. Ann. 111 (1935), no. 1, 293–301. MR1512996 ↑13
[20] Ronald W. H. T. Hudson, Kummer’s quartic surface, Cambridge Mathematical Library, Cam-
bridge University Press, Cambridge, 1990. With a foreword by W. Barth, Revised reprint of the
1905 original. MR1097176 (92e:14033) ↑17
[21] Neal Koblitz, The number of points on certain families of hypersurfaces over finite fields, Com-
positio Math. 48 (1983), no. 1, 3–23. MR700577 ↑3
[22] K. Kodaira, On compact analytic surfaces. II, III, Ann. of Math. (2) 77 (1963), 563–626; ibid.
78 (1963), 1–40. MR0184257 ↑17
[23] , On the structure of compact complex analytic surfaces. I, II, Proc. Nat. Acad. Sci.
U.S.A. 50 (1963), 218–221; ibid. 51 (1963), 1100–1104. MR165541 ↑5
[24] Abhinav Kumar, Elliptic fibrations on a generic Jacobian Kummer surface, J. Algebraic Geom.
23 (2014), no. 4, 599–667. MR3263663 ↑17, 18
COUNTING RATIONAL POINTS ON GENERAL KUMMERS 27
[25] Masato Kuwata and Tetsuji Shioda, Elliptic parameters and defining equations for elliptic fibra-
tions on a Kummer surface, Algebraic geometry in East Asia—Hanoi 2005, 2008, pp. 177–215.
MR2409557 ↑6, 7, 8, 9, 11
[26] A. Malmendier and T. Shaska, The Satake sextic in F-theory, J. Geom. Phys. 120 (2017), 290–
305. MR3712162 ↑22
[27] Andreas Malmendier and David R. Morrison, K3 surfaces, modular forms, and non-geometric
heterotic compactifications, Lett. Math. Phys. 105 (2015), no. 8, 1085–1118. MR3366121 ↑22
[28] Andreas Malmendier and Tony Shaska, A universal genus-two curve from Siegel modular
forms, SIGMA Symmetry Integrability Geom. Methods Appl. 13 (2017), Paper No. 089, 17.
MR3731039 ↑22
[29] Andreas Malmendier and Yih Sung, Counting rational points on Kummer surfaces, Res. Number
Theory 5 (2019), no. 3, Art. 27, 23. MR3992148 ↑1, 23, 24
[30] David R. Morrison, On K3 surfaces with large Picard number, Invent. Math. 75 (1984), no. 1,
105–121. MR728142 (85j:14071) ↑4, 6
[31] David Mumford, Abelian varieties, Tata Institute of Fundamental Research Studies in Mathe-
matics, vol. 5, Published for the Tata Institute of Fundamental Research, Bombay; by Hindus-
tan Book Agency, New Delhi, 2008. With appendices by C. P. Ramanujam and Yuri Manin,
Corrected reprint of the second (1974) edition. MR2514037 ↑16
[32] Yukihiko Namikawa and Kenji Ueno, The complete classification of fibres in pencils of curves
of genus two, Manuscripta Math. 9 (1973), 143–186. MR369362 ↑22
[33] Norihiko Narumiya and Hironori Shiga, The mirror map for a family of K3 surfaces induced
from the simplest 3-dimensional reflexive polytope, Proceedings on Moonshine and related topics
(Montre´al, QC, 1999), 2001, pp. 139–161. MR1877764 (2002m:14030) ↑2, 3, 4, 5, 14
[34] V. V. Nikulin, Finite groups of automorphisms of Ka¨hlerian K3 surfaces, Trudy Moskov. Mat.
Obshch. 38 (1979), 75–137. MR544937 ↑6
[35] Keiji Oguiso, On Jacobian fibrations on the Kummer surfaces of the product of nonisogenous
elliptic curves, J. Math. Soc. Japan 41 (1989), no. 4, 651–680. MR1013073 (90j:14044) ↑6
[36] Fried. Jul. Richelot, De transformatione integralium Abelianorum primi ordinis commentatio.
Caput secundum. De computatione integralium Abelianorum primi ordinis, J. Reine Angew.
Math. 16 (1837), 285–341. MR1578135 ↑16
[37] Shi-Shyr Roan, The mirror of Calabi-Yau orbifold, Internat. J. Math. 2 (1991), no. 4, 439–455.
MR1113571 ↑2
[38] T. Shioda and H. Inose, On singular K3 surfaces, Complex analysis and algebraic geometry,
1977, pp. 119–136. MR0441982 ↑4
[39] Tetsuji Shioda, Kummer sandwich theorem of certain elliptic K3 surfaces, Proc. Japan Acad.
Ser. A Math. Sci. 82 (2006), no. 8, 137–140. MR2279280 ↑6
[40] , Classical Kummer surfaces and Mordell-Weil lattices, Algebraic geometry, 2007,
pp. 213–221. MR2296439 (2008h:14036) ↑16
[41] Yih Sung,Rational points over finite fields on a family of higher genus curves and hypergeometric
functions, Taiwanese J. Math. 21 (2017), no. 1, 55–79. MR3613974 ↑1
[42] Bert van Geemen and Alessandra Sarti, Nikulin involutions on K3 surfaces, Math. Z. 255
(2007), no. 4, 731–753. MR2274533 ↑9
[43] Noriko Yui, Arithmetic of certain Calabi-Yau varieties and mirror symmetry, Arithmetic alge-
braic geometry (Park City, UT, 1999), 2001, pp. 507–569. MR1860046 (2003d:11093) ↑3
E-mail address : noah.braeger@usu.edu, andreas.malmendier@usu.edu, yih.sung@usu.edu
Department of Mathematics & Statistics, Utah State University, Logan, UT 84322
